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Internal thermally coupled distillation column (ITCDIC) is a frontier in the energy saving
distillation research. It is well known for the complex dynamics, which challenge the establish-
ment of an excellent reduced model for further control strategy design greatly. In this article,
a physical approach of the ITCDIC process based on nonlinear wave theory is explored,
where it is first discovered that traditional wave theory in conventional distillation columns
(CDIC) could not be directly applied in ITCDIC, due to: First, the internal thermal coupling
results in mole flow rates varying evidently over each stage, which not only makes the wave
modeling of the wave phenomenon in ITCDIC more difficult but also makes wave dynamics
greatly different between ITCDIC and CDIC; Second, an interesting wave phenomenon of
ITCDIC is discovered that waves located in the rectifying section and stripping section travel
under opposite tendencies when the steady state is disturbed by the step change of thermal
condition q, one sharpens and the other is likely to spread synchronously, it means the move-
ment of wave profiles in ITCDIC could not be simply described by shock wave velocity, which
is usually used in wave modeling of CDIC; more seriously, shapes of the self-sharpening wave
profiles in ITCDIC change obviously during the traveling processes, which further reveals
that shape influence on wave velocity has to be considered in the wave modeling of ITCDIC.
A rigorous wave velocity and a natural wave velocity are derived, respectively, based on
which, the detailed analyses of traveling wave characteristics are carried out. A novel wave
velocity, based on the profile trial function which has been well developed by Marquardt, is
further derived to consider the obvious change of profile shape. And a completed nonlinear
wave model of ITCDIC is thereby established by combining the proposed wave velocity with
thermal coupling relations and material balance relations. The benzene-toluene system is
illustrated as an example, where component concentration prediction and distinct dynamic
characteristics are carried out in detail based on the proposed nonlinear wave models. The
research results reveal the accuracy and validity of the proposed nonlinear wave model of
ITCDIC.VVC 2011 American Institute of Chemical Engineers AIChE J, 58: 1146–1156, 2012
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Introduction

Distillation columns are the key equipments in the chemi-

cal industries, which are well known for their low energy

efficiency. To reduce the energy consumption, many studies

have been carried out and new columns have been proposed,

among which distillation columns with heat integration tech-

nology have attracted much attention since 1970s when they

were conceptually introduced by Mah et al.1 Different con-

figurations and pilot plant tests of these columns have been

reported on the literature.2–9 Based on the theoretical evalua-

tions, an improved ideal configuration named internal ther-

mally coupled distillation columns (ITCDIC) without either

the reboiler or the condenser is further proved to have the

maximum energy efficiency.10,11 However, due to its higher

degree of thermal coupling between the rectifying section

and the stripping section, interactions are significantly inten-

sified. Furthermore, dynamics of ITCDIC are more compli-

cated with inverse responses and so on.12,13 These distinct

characteristics present a great challenge to the control strategy

design for ITCDIC because it is difficult to develop an accu-

rate reduced model to characterize the complex dynamic

behaviors. On one hand, traditional linear approximating mod-

els are valid only in a small neighborhood of the nominal oper-

ating point and cannot capture the rich nonlinear behaviors of

many processes. The use of linear model could not achieve the

demand of tight control in ITCDIC. More seriously, some con-

trollers based on linear model could not get a convergent out-

put in the high-purity separation processes.3,12,14 On the other

hand, a mechanistic model2,12 composed of invariably com-

plex, coupled, nonlinear partial differential equations is diffi-

cult to be directly applied to control design in plant for their

bad efficiency and complex constructions.15,16 Hence, the

establishment of a suitable reduced dynamic model of ITCDIC

has been a bottle-neck problem.
Model reduction by physical approach is proved to be

effective to overcome the problems above.17 Early research
on chromatography proposed a wave theory to describe sys-
tems with distributed parameters which often exhibits
dynamic phenomena that resemble traveling waves, which
can be represented by wave fronts, wave pulses, and wave
train.18 This theory has been successfully extended to ion
exchangers, fix-bed adsorption, and CDIC. Using the temper-
ature profiles, Luyben19,20 pioneered a profile-position
control strategy; Marquardt21–24 developed a rigorous wave

velocity formula and profile trial function on the basis of dif-

ferential material balances with equilibrium relations, so

detailed analysis of the propagation velocity is carried out,

and a simple wave model for CDIC is established. Also,

Marquardt23,24 introduced a generic concept for wave mod-

els, and he did not concentrate on velocity formula alone but

rather gave an even more thorough mathematical analysis of

column dynamics; Amrhein considered developing of rigor-

ous wave velocity in his Diploma thesis and Kienle25 used

this formula in ideal multicomponent distillation processes;

Hwang26–31 developed a systematic nonlinear wave theory

for CDIC and successfully analyzed varied nonlinear dynam-

ics like asymmetry behavior, response lags, disturbance pulse

in binary distillation columns. From then on, wave traveling

theory is widely used for low-order modeling of distillation

columns. Balasubramhanya and Doyle32,33 developed a low-

order wave model for high-purity distillation columns with

online updated profile parameters; Group led by Han34–36

established concentration and temperature observers on the

basis of wave velocity; Group led by Henson37,38 developed

a complete low-order dynamic wave model of cryogenic dis-

tillation columns. Profile estimators designed for wave mod-

els using temperature and component concentration were

also systematically studied.39,40 These models performed

excellently in IMC, GMC, NMPC strategies. Wave theory is

also extended to multicomponent distillation columns and re-

active distillation columns.25,41,42. Hankins43,44 developed a

wave model with varied molar flow rates involving enthalpy

and hold-up effects. The assumption of ‘‘constant pattern’’

waves still seems to hold true in CDIC. Wave theory tends

to be a promising tool to characterize the complicated non-

linear dynamics in the separation processes.

However, since the construction of ITCDIC is very differ-
ent from CDIC, the frame work of nonlinear wave propaga-
tion theory of CDIC could not be directly applied to reduced
model development in the present work:
(1) Molar flow rates in ITCDIC change drastically over ev-

ery stage, because the driving forces for the liquid flow rate in
the rectifying section and the vapor flow rate in the stripping
section are both provided by the heat transference between the
two columns. Molar flow rates at the stages near the two ends
of the columns are much smaller than those in the middle part.
(2) A distinct phenomenon is discovered in the present

work: Wave profiles in the rectifying section and stripping

section in ITCDIC travel with the opposite tendencies when

the system responses to the change of thermal conditions q.
For example, when the profile in the rectifying section tends

to sharpen, the profile in the stripping section is likely to

spread synchronously when q has a step change. Since the

two profiles are related with each other by the thermally

coupled relations, neither of them could be simply approxi-

mated to a shock layer, which is often used in CDIC.
(3) The shape of wave with self-sharpening tendency in

ITCDIC changes more obviously than that in a CDIC. Though

Marquardt and Amrhein,22 Bian and Henson38 have pointed

out the influence of shape change, in the modeling of CDIC,

the shape influence is usually ignored since it makes the wave

velocity computation much difficult. However, according to

the preceding presentation, shape influence on the movement

of wave front has to be considered in ITCDIC.
Detailed analysis and modeling process is arranged as

follows: a rigorous general wave velocity of ITCDIC with
varied molar flow rates is developed in the ‘‘Analysis of
Wave Traveling in ITCDIC’’ section, and error between the
two profile position tracking curves by the rigorous wave ve-
locity and shock wave velocity is studied, where the
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influence of shape change on the movement of the profile is
presented obviously. Interpretation of the errors is carried out
in ‘‘Traveling tendency of the wave profile’’ section, where
the distinct traveling tendencies in ITCDIC are analyzed on
the basis of the natural wave velocity distribution, which
reveals that wave travels much faster on the two ends of the
column than the middle part. As a result, the shape of the pro-
file changes obviously in both sharpening tendency and
spreading tendency. Considering the difficulty of on-line com-
putation of the rigorous general wave velocity of ITCDIC, a
trial profile function is employed to develop a new wave ve-
locity expression, based on which a complete nonlinear wave
model of ITCDIC is established by combining with the ther-
mally coupled relations. Taking benzene-toluene system as an
illustration, predictions of the nonlinear wave model and a rig-
orous model are compared in the ‘‘Nonlinear Wave Model of
ITDIC’’ section. Results show the high accuracy and high effi-
ciency of the proposed nonlinear wave model. In ‘‘Analysis of
dynamics of ITCDIC based on nonlinear wave model’’ sec-
tion, the established nonlinear wave model is employed to
explain two interesting dynamics, i.e., asymmetric behavior
and inverse behavior in ITCDIC. Results are well agreed with
the analysis based on the mechanistic model,2 further reveal-
ing the capability of nonlinear wave model on the nonlinear
dynamic behavior characterization.

Schematic and Principles of the Ideal ITCDIC

Figure 1 shows the schematic diagram of the ideal ITC-
DIC, where the rectifying section and the stripping section
are separated into two columns. The manipulation of internal
thermal coupling is accomplished through heat exchange
between the two sections. To provide the necessary tempera-
ture driving force for the heat transfer from the rectifying
section to the stripping section, the former is operated at a
higher pressure than the latter. To adjust the pressure, a
compressor and a throttling valve are installed between the
two sections. Because of the internal thermal coupling, a cer-
tain amount of heat is transferred from the rectifying section
to the stripping section and brings the downward reflux flow
for the former and the upward vapor flow for the latter. As a
result, a condenser and reboiler are not required and energy
savings are realized.

The distinct configuration of ITCDIC makes the manipulat-
ing variables different from a CDIC. Operating optimal analy-
sis proves the feed thermal conditions q and the pressure of
rectifying section pr to be an efficient pair of operating varia-
bles.12 And feed rate F, mole fraction of feed Zf, heat transfer
rate UA, pressure of stripping section ps are main disturbances.
When the stage numbered with the top as Stage 1 and the bot-
tom as Stage n, and assuming the effect of holdup in the vapor
phase is ignored, the basic component balance equations (light
component) of the ideal ITCDIC are shown in Table 1.

Analysis of Wave Traveling in ITCDIC

The dynamic behavior of ITCDIC could be characterized
by the propagation of wave profiles in the column sections.
In this study, wave theory is extended to the dynamic analy-
sis and reduced-order modeling of ITCDIC. Wave is defined
as a monotonic variation of an independent variable (compo-
nent concentration or temperature in CDIC), in ITCDIC,
only considering component concentration, for the tempera-
ture is not monotonic change along the column. Each of the
two sections of ITCDIC contains a wave profile, which is
interacted with each other not only by the component
balance on the feed tray but also by the coupled thermal
relations between the two sections. The coupled thermal
relations make the molar flow rates over each stage change
dramatically. Hence, ITCDIC is more complex than a CDIC
in which molar flow rates are usually regarded as constant.

In this section, the rigorous general wave velocity, shock
wave velocity, and natural wave velocity of ITCDIC with
varied molar flow rates are derived first. The errors of wave
profile position tracked by the rigorous general wave veloc-
ity and shock wave velocity suggest the obvious shape influ-
ence on the movement of wave front evidently. A novel
wave traveling analysis of the distinct wave traveling charac-
teristics by natural wave velocity distribution interprets the
cause-and-effect of the error sufficiently.

Generalized wave velocity of ITCDIC

Wave velocity is a key variable which could be derived based
on the mass balance. The approximation formations of the

staged balance relationships (1)–(4) are expressed as follows23:

h
@X

@t
¼ @ðVYÞ

@z
� @ðLXÞ

@z
(6)

Figure 1. Schematic program of the Ideal ITCDIC.

Table 1. Component Balance Equations with Vapor-liquid
Equilibrium Relationships

Component balances:

H dX1

dt ¼ V2Y2 � V1Y1 � L1X1 j ¼ 1 (1)

H
dXj

dt ¼ Vjþ1Yjþ1 � VjYj þ Lj�1Xj�1 � LjXj j ¼ 2;…; n and j 6¼ f (2)

H
dXf

dt ¼ Vfþ1Yfþ1 � Vf Yf þ Lf�1Xf�1 � Lf Xf þ FZf j ¼ f (3)

H dXn

dt ¼ �VnYn þ Ln�1Xn�1 � LnXn j ¼ n (4)

Vapor-liquid equilibrium relationships:

Yj ¼ aXj=½ða� 1ÞXj þ 1� j ¼ 1; 2;…; n (5)
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where z ¼ z/Dz, and Dz is the height equivalent to a
theoretical plate (HETP) and z is spatial coordinate. Then z
becomes a dimensionless spatial coordinate belonging to
[0 n], h ¼ H/Dz.

Integrate (6) from the top to the feed tray, and the feed
tray to the bottom respectively:

Z f�1

0

h
@X

@t
dz ¼

Z f�1

0

� @ðVYÞ
@z

� @ðLXÞ
@z

�
dz (7)Z n

f�1

h
@X

@t
dz ¼

Z n

f�1

� @ðVYÞ
@z

� @ðLXÞ
@z

�
dz (8)

Wave velocity describes how fast the wave front travels.
However, it is difficult to describe the exact position of the
wave front, usually the sharpest point on the profile are chosen
as a representation of the front. Denote wave front position
(the sharpest point on the profile) in rectifying section and
stripping section by S1, S2, respectively. Define e1(t) ¼ z - S1(t)
and e2(t) ¼ z - S2(t) and transfer (7), (8) into wave traveling
coordinate systems which is centered at the wave position (e1
¼ 0 and e2 ¼ 0). After the algebraic transformations, the rigor-
ous general wave velocity of ITCDIC is derived as follows:

Z f�1

0

h
@X

@t
dz ¼

Z f�1�S1

�S1

h
@ ~X

@t

�
1þ dS1

de1

�
de1

¼
Z f�1�S1

�S1

h
@ ~X

@t
de1 þ h

dS1
dt

ðXf�1 � X1Þ
Z f�1

0

h
@X

@t
dz ¼

Z f�1

0

� @ðVYÞ
@z

� @ðLXÞ
@z

�
dz

¼ Vf Yf � V1Y1 � Lf�1Xf�1

So,

dS1
dt

¼ Vf Yf � Lf�1Xf�1 � V1Y1
hðXf�1 � X1Þ �

R f�1�S1
�S1

@ ~X
@t de1

Xf�1 � X1

(9)

In the same way, there is:

dS2
dt

¼ �Vf Yf � LnXn þ Lf�1Xf�1 þ FZf
hðXn � Xf�1Þ �

R n�S2
f�1�S2

@ ~X
@t de2

Xn � Xf�1

(10)

where ~X denote the new liquid mole fraction of the rectifying
section and stripping section in the moving wave coordinates
respectively. From Eqs. 9 and 10, it is obvious that the wave

velocity is driven by two effects: (1) the net flow of the light
component to or from the column section w1(t), w2(t), i.e., the
first part of the right side in Eqs. 9 and 10, respectively; (2)
The influence of the shapes of the two concentration profiles
/1(t), /2(t), i.e., the second part of the right side in Eqs. 9 and
10, respectively.

According to Antoine equation2 with Raoult’s law and
Dalton’s law, the heat between a pair of coupled stages is
computed as follows:

Qj ¼ UA�b
� 1

a� lnfpr=½Xj þ ð1� XjÞ=a�g
� 1

a� lnfps=½Xjþf�1 þ ð1� Xjþf�1Þ=a�g
�
;

j ¼ 1; 2;… f � 1 ð11Þ

And the vapor molar flow rates, liquid molar flow rates
are computed as follows respectively:

V1 ¼ Fð1� qÞ (12)
Ln ¼ Fq (13)

Lf�1 ¼
Xf�1

j¼1

Qj

k
(14)

Vf ¼ V1 þ Lf�1 (15)

Take a benzene-toluene system as an example. Operating
conditions are given in Table 2. The system is disturbed by
a 10% increase of feed rate F in ITCDIC. Figure 2 and Fig-
ure 3 show the two kinds of effects involving in the wave
velocity formula.

Figure 2 visually shows the contribution of the two parts to
wave velocity. The real lines denote dS1/dt and dS2/dt, the
dashed lines denote w1(t) and w2(t), the lines with shadow area
denote /1(t) and /2(t). From Figure 2, we can see clearly that
dS1/dt is negative and dS2/dt is positive. The velocities of the
two sections are opposite so the waves move in opposite direc-
tion. In another point of view, the increase of F increases the
column’s load and will make the two ends less pinched, so the
waves will move in the direction of departing from the two
ends and therefore in opposite direction. Take the rectifying
section (left picture) as an illustrating section. Changing of
w1(t) keeps in pace with the rigorous wave velocity (dS1/dt),
they have the same tendency, when the system comes to a new
steady state, they both decrease to zero. In the wave theory of
CDIC, w1(t) is usually used as an approximate wave velocity,

Table 2. Operation Conditions of ITCDIC

Operation conditions Stage number n
Mole fraction
of feed, Zf

Feed thermal
condition, q Feed tray, f

Stage holdup,
H/kmol

Value 40 0.5 0.501 21 1.5

Operation conditions Heat transfer
rate, UA/kW�K�1

Feed rate,
F/kmol�h�1

Pressure of
stripping

section Ps/Mpa

Pressure of
rectifying section

Pr/Mpa
Value 9.803 100 0.1013 0.3387
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which is named as shock wave velocity because /1(t) is much
smaller than w1(t). Since w1(t) depends on mass balances with
more simple formation than dS1/dt, it could be conveniently
applied to dynamic analysis and control strategy design to take
the place of dS1/dt. However to establish a nonlinear wave model
with promising accuracy, the effect of /1(t) and /2(t) cannot be
ignored. Especially at the very beginning, /1(t) makes great con-
tribution to general wave velocity (almost a quarter of dS1/dt).
The situation in the stripping section is the same.

Figure 3 clearly presents the tracking error of the wave
positions in ITCDIC by the general wave velocity and shock
wave velocity. In the rectifying section, error between the
real line and dashed line is equal to the integration of /1(t)
with time (shadow area in Figure 2), when the system enters
a new steady state, the absolute error increases to 0.11, about
23% of the total traveling distance of the wave position
(0.48). In the stripping section, the absolute error increases
to 0.1, about 20% of the traveling distance of the wave posi-
tion (0.49).

The preceding analyses have revealed that shape changes
have strong impact on wave velocity in ITCDIC, especially
in the initial period when the system steady state is broken,
though the effect gradually decreases to zero with the stabi-
lizing of the system, the accumulated error in wave position
change could not be negligible. A cause-effect analysis is

carried out in the next section based on natural wave veloc-
ity distribution.

Traveling tendency of the wave profile

Wave velocity at different component concentrations
(located at different stages) varies obviously in a high-purity
ITCDIC, which makes the wave front either sharpen or
spread during the traveling process. Traveling tendency
mainly depends on two aspects: (1) original shape of the
profile; (2) monotony of the natural wave velocity with
respect to the mole fraction of liquid. First of all natural
wave velocity at each stage is derived excluding the two
ends and the feed tray as follows:

dS

dt

����
Xj

¼ Vjþ1Yjþ1 � VjYj þ Lj�1Xj�1 � LjXj

hðXj�1 � XjÞ
j ¼ 2; 3;…; n� 1 and j 6¼ f ð16Þ

Natural wave velocity of ITCDIC Eq. 16 is not only
related with the equilibrium relation but also related with the
varied molar flow rates (L, V). By changing the feed thermal
condition q (q ¼ 1 denotes saturated liquid, q ¼ 0 denotes
saturated vapor) of the ITCDIC, five steady wave profiles of

Figure 2. Transients of wave velocity components for 110% step disturbance of F in rectifying section (Left) and
stripping section (Right).

Figure 3. Traveling of wave front position for 110% step disturbance of F in rectifying section (Left) and stripping
section (Right).
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mole fractions of liquid are derived as shown in Figure 4,
and two travel processes of the profiles are studied.

Figure 5 shows the detailed natural wave velocity distri-
butions at different time during the travel processes. Take
rectifying section as shown in the left part as an illustration.
Increasing the feed rate q from 0.501 to 0.51 at 0.3125 h,
the natural wave velocities at different stage are recorded ev-
ery 1.25 h from t1 ¼ 2.5 h as shown in the dashed lines.
The system reaches a new steady state at tn. Natural wave
velocities at different times all decrease with the stage
number (increase with the mole fraction). This monotonic
character makes wave near the pinched end (top stage) keep
on traveling faster than the other parts of the profile during
the whole process. When the profile travels towards right as
shown in Figure 4, the pinched end of the profile in the rec-
tifying section tends to become more pinched, and the pro-
file is likely to become a discontinued layer. Hence, this
traveling process is defined as a self-sharpening wave. How-
ever, as shown in Figure 5, before t6 ¼ 10 h, natural wave
velocity varies drastically at different stages which leads to
obvious shape change. After t6, natural wave velocity varies
slightly over each stage so the profile could be approximated
to a shock wave with constant-pattern. In this study, the pe-
riod before t6 is mentioned as transition period in the travel-

ing process of a self-sharpening wave profile, during which,
the effect on wave traveling speed from the shape should be
taken into consideration. The vapor and liquid molar flows
at different stages are also recorded every 1.25 h from t1 ¼
2.5 h when q is changed to 0.51, which can be seen from
Figures 6 and 7.

Natural wave velocity distributions of the rectifying sec-
tion in the travel process by decreasing q from 0.501 to 0.49
as shown by the real line in the left part of Figure 5 have
the opposite monotonic character of the natural velocity dis-
tribution shown by the dashed line. Contrast to the traveling
direction of the preceding process, the profile travels down-
ward, which makes the profile in the rectifying section
spread to a less pinched one. And during the transition time
(before t8 ¼ 12.5 h) the profile shape changes drastically,
too. The vapor and liquid molar flows at different stages are
recorded every 1.25 h from t1 ¼ 2.5 h when q is changed to
0.49, which can be seen from Figures 8 and 9.

Traveling tendency in the stripping section is much like the
analysis presented above, as shown in Figure 4. An interesting
phenomenon in ITCDIC is discovered for the first time that
the travel tendencies in the stripping section and in the rectify-
ing section are opposite to each other in response to the step
change of the feed thermal conditions q as shown in Figure 5

Figure 4. Profiles of mole fraction of liquid.

Figure 5. Natural wave velocity distribution.

Figure 6. Vapor flow rate distribution when q is
changed from 0.501 to 0.51.

Figure 7. Liquid flow rate distribution when q is
changed from 0.501 to 0.51.
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obviously. The monotony tendencies of the natural wave
velocity of the two sections are contrary. Hence, both self-
sharpening wave and nonsharpening wave have to be consid-
ered simultaneously in the wave modeling process, which is
much different from a conventional distillation column, in
which usually the nonsharpening wave can be ignored.

The traveling tendency of wave profile in ITCDIC directly
explains the cause of the error between profile positions
tracked by the shock velocity and the rigorous general wave
velocity. Analysis proves a fact that the error could not be
eliminated for the reason that a long transition period exists
before the self-sharpening wave becomes a shock one with
constant pattern; furthermore, nonsharpening waves and self-
sharpening waves co-exist in the dynamic process of
ITCDIC. As a result, to characterize the dynamics of
ITCDIC, tracking the shape change of the profile is requisite.

Nonlinear Wave Model of ITCDIC

Description of the profile

In the researches of many separation processes with
distribution characteristics, a trial function is usually
employed to describe the shape of the wave front. The sta-
bility and existence of the function has been proved in
many literatures.17,21,45 In ITCDIC, profiles in Figure 4
suggest two characteristics of the trial function: (1) asymp-
totic properties at the boundaries of the trial function; (2)
exist only one inflection point in the definition field of the

function. A trial function which has been successfully
applied to high-purity CDIC32,37–40 is introduced for
ITCDIC as follows:

X̂j ¼ Xr min þ Xr max � Xr min

1þ expð�krðj� S1ÞÞ j ¼ 1; 2;…; f � 1

(17)

X̂j ¼ Xs min þ Xs max � Xs min

1þ expð�ksðj� S2ÞÞ j ¼ f ; f þ 1;…; n (18)

where X̂j denotes the estimation of liquid mole fraction; Xr_min

and Xr_max denote the asymptotic limits of the rectifying
section when the profile extend to a infinite distance; Xs_min

and Xs_max denote the asymptotic limits in the stripping
section. Xr_max and Xs_min approximate to the liquid mole
fraction at the top stage and the bottom stage respectively. kr,
ks characterize the tangent of the inflection points S1 and S2
(kr,,ks do not equal the tangents). The inflection point S1, S2 are
also the representations of the profile position in the rectifying
section and stripping section, respectively.

Wave velocity based on the profile function

Based on the profile trial function, a new wave velocity
combined with thermal coupled relations of ITCDIC could
be derived. The relationships between wave velocity and the
mass balance are established by the derivatives of profile
Eqs. 17 and 18 as follows:

dX̂j

dt
¼ ðdkrdt ðS1 � jÞ þ kr

dS1
dt ÞðXr max � X̂jÞðX̂j � Xr minÞ � dXr max

dt ðX̂j � Xr minÞ � dXr min

dt ðXr max � X̂jÞ
Xr min � Xr max

j ¼ 1; 2;…; f � 1 (19)

dX̂j

dt
¼ ðdksdt ðS2 � jÞ þ ks

dS2
dt ÞðXs max � X̂jÞðX̂j � Xs minÞ � dXs max

dt ðX̂j � Xs minÞ � dXs min

dt ðXs max � X̂jÞ
Xs min � Xs max

j ¼ f ; f þ 1;…; n (20)

where dS1
dt and dS2

dt denote average movement of the entire
profile in rectifying section and stripping section respectively.

Substitute
dX̂j

dt for
dXj

dt in (1)–(4), after the algebraic transforma-
tions, the wave velocity are derived:

dS1
dt

¼
1
H ð�V1Y1 þ Vf Yf � Lf�1Xf�1Þ �

Pf�1
j¼1

dXr max
dt ðXj�Xr minÞ
Xr max�Xr min

�Pf�1
j¼1

dXr min
dt ðXr max�XjÞ
Xr max�Xr min

þPf�1
j¼1

ðXr max�XjÞðXj�Xr minÞ
Xr max�Xr min

dkr
dt ðS1 � jÞ

�Pf�1
j¼1

krðXr max�XjÞðXj�Xr minÞ
Xr max�Xr min

(21)

dS2
dt

¼
1
H ð�Vf Yf þ Lf�1Xf�1 þ FZf � LnXnÞ �

Pn
j¼f

dXs max
dt ðXj�Xs minÞ
Xs max�Xs min

�Pn
j¼f

dXs min
dt ðXs max�XjÞ
Xs max�Xs min

þPn
j¼f

ðXs max�XjÞðXj�Xs minÞ
Xs max�Xs min

dks
dt ðS2 � jÞ

�Pn
j¼f

ksðXs max�XjÞðXj�Xs minÞ
Xs max�Xs min

(22)

where molar flow rate L, V in (21) (22) are mainly decided by
the accumulated heat transfer between the rectifying section
and stripping section.

The profile function Eqs. 17, 18, the wave velocity Eqs.
21, 22, and the algebraic function Eqs. 11–15 construct the
nonlinear wave model of ITCDIC.

Model test

Dynamics of the ITCDIC is mainly characterized by the
traveling of the sharpest point on the profile. Liquid mole
fractions of the stages near the sharpest points in the rectify-
ing section and stripping section are the most important and
need to be tracked efficiently. In this work, Benzene-toluene

1152 DOI 10.1002/aic Published on behalf of the AIChE April 2012 Vol. 58, No. 4 AIChE Journal



system is taken as an illustration. The system with the oper-
ating conditions presented in Table 2 is disturbed by a
þ10% step change from the feed flow F at 0.3125 h. The
tracking curves of the liquid mole fraction at Stage 18 and
23 by the wave model and a rigorous stage-by-stage model
in Refs. 2 and 11 are presented in Figures 10 and 11.

Figure 10 shows that tracking deviations at Stage 18 at
original steady state is about 7 � 10�4. At 0.3125 h, the
steady system is disturbed by the step change of feed rate F,
and reaches a new steady state in 2.2 h. The average error
between the two tracking curves is about �1.47 � 10�4,
compared with the deviation of the mole fraction from the
original value (2.89� 10�2), the relative error is less than
0.5%.

Figure 11 shows the comparison of liquid mole fraction at
Stage 23. Tracking error at original steady state is about
�1.24 � 10�3, average error during the travel process is
about �1.36 � 10�4.

The above comparison results strongly prove the effi-
ciency of the proposed nonlinear wave model. Tracking error
between the two models is small enough during the dynamic
analysis and control strategy design.

Analysis of Dynamics of ITCDIC Based on
Nonlinear Wave Model

Asymmetric behavior

Asymmetric behavior in high-purity distillation column
has attracted much attention of researchers. Hwang28 suc-
cessfully employed traveling wave profile to explain this
behavior in CDIC. In this work, a novel method by observ-
ing the wave velocity is carried out to analyze the asymmet-
ric dynamics in ITCDIC.

In ITCDIC, responses of feed thermal condition q have
the strongest asymmetric behaviors. So, the dynamics during
the transient process caused by the change of q is studied as
an illustration. The asymmetric behavior in ITCDIC refers to
two kinds of distinct characteristics: (1) responses to positive
and negative change are completely different in terms of sta-
bility time and deviations from the original state; (2) a tran-
sition departing from the balanced steady state (maximum
separation state) is much faster than that returning to it.
When q ¼ 0.501, the illustrating benzene-toluene system is
maintained at a balanced state.

Figure 12 shows the liquid mole fractions change over ev-
ery stage. The peak points corresponding to the sharpest
point on the concentration profiles presented in Figure 4 are
visible representations of the profile positions.

Figure 8. Vapor flow rate distribution when q is
changed from 0.501 to 0.49.

Figure 9. Liquid flow rate distribution when q is
changed from 0.501 to 0.49

Figure 10. Comparison of liquid mole fraction on Stage
18.

Figure 11. Comparison of liquid mole fraction on Stage
23.
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Figure 13 shows the wave velocity in the two transient
processes by �2% change of q. In the rectifying section,
when q takes a negative step change, the system takes
about 20 h to reach the new steady state, which is about
two times more than the response time of the positive
change of q. Also, the profile travels much farther from the
original position. Meanwhile results in the stripping section
are contrary to the rectifying section. In general, profile
likely travels farther and takes longer time to stabilize
when profile is driven away from the feed tray. In Figure
12, it is obvious that the sharpest points are very close to
the feed tray, there is little space left for the profile to
travel close to the feed tray.

Figure 14 shows the wave velocity when the profile trav-
els away from the balanced state and then returns to the
original position. The much longer time is taken for the
returning process than the departing process. These asym-
metric characters described by above nonlinear wave model
agree with the results of ITCDIC research based on the rig-
orous model,12 further revealing the validity of the proposed
wave model.

Inverse response

In the numerical simulation of the above proposed nonlin-
ear wave model of ITCDIC, another interesting nonlinear
phenomenon is discovered. When the feed thermal condition
q is slightly changed by 0.02%, the system presents an
inverse response.

As shown in Figure 15, the initial responses of Xr_max and
Xs_min are in opposite directions to where they eventually end
up. Since the feed thermal condition q has a stronger impact
on the overhead product, inverse time of the stripping section
is much smaller than the one of the rectifying section.

Moreover, responses of Xr_max and Xs_min are very similar
to the product mole fraction on the two ends of ITCDIC,
which reveals the efficiency of the parameters used in the
profile trial functions.

Conclusions

In this work, the distinct wave traveling characteristics of
ITCDIC is explored in detail based on the proposed general
wave velocity with varied molar flow rates. The error of the
wave position tracked by the general wave velocity and

Figure 12. Profiles of concentration change at different
steady state.

Figure 13. Wave velocity during transition caused by
62% change of q.

Figure 14. Wave velocity during transition departing
from and back to the balanced steady state.

Figure 15. Response of Xr_max and Xs_min to 0.02% step
change of q.
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shock wave velocity presents the great shape influence on
the movement of wave profile in ITCDIC. A further cause-
effect analysis of the error is carried out based on the
derived natural wave velocity, which presents a distinct
wave traveling phenomenon that self-sharpening wave and
nonsharpening wave co-exist in the dynamic process of ITC-
DIC. And further analysis reveals a fact that shape change
of the self-sharpening wave in ITCDIC is much more
obvious than that in CDIC. Based on the above analysis, a
novel wave velocity based on the profile trial function is
derived by combining the material balance relations and
thermal coupling relations. A nonlinear wave model of ITC-
DIC is therefore established. In the illustrating application in
benzene-toluene system, the component concentration pre-
diction of the proposed wave model is compared with the
first-principle model2,12 of ITCDIC in detail, and the
research results highly confirm the accuracy of the proposed
nonlinear wave model. Moreover, the model is employed to
explore the distinct dynamic behavior of ITCDIC like asym-
metric behavior and inverse behavior. Results are in excel-
lent agreement with the results from the first-principle
model, and further prove the validity of the proposed nonlin-
ear wave model of ITCDIC.
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Notation

a,b,c ¼ coefficient of the Antoine equation
F ¼ feed rate (kmol/h)
f ¼ feed stage

GMC ¼ generic model control
H ¼ stage holdup (kmol)
h ¼ H/Dz (kmol/m)

IMC ¼ internal model control
j ¼ the stage number

kr,ks ¼ characterize the tangent of the inflection points S1 and
S2

L ¼ liquid flow rate (kmol/h)
NMPC ¼ nonlinear model predictive control

Pr ¼ pressure of rectifying section (Mpa)
Ps ¼ pressure of stripping section (Mpa)

Pvp,j ¼ vapor saturated pressure in stage j (Mpa)
Q ¼ energy required (kW)
q ¼ feed thermal condition
S1 ¼ inflection point of rectifying section
S2 ¼ inflection point of stripping section
t ¼ time (h)

UA ¼ heat transfer rate (kW/K)
V ¼ vapor flow rate (kmol/h)

w1,w2 ¼ the net flow of the light component to or from the
column in rectifying and stripping sections respectively

X ¼ mole fraction of liquid
~X ¼ the liquid mole fraction in the moving wave

coordinates
X̂ ¼ the estimation of liquid mole fraction

Xr_min, Xr_max ¼ the asymptotic limits of the rectifying section

Xs_min, Xs_max ¼ the asymptotic limits in the stripping section
Y ¼ mole fraction of vapor
Zf ¼ mole fraction of feed
z ¼ dimensionless spatial coordinate equalsz/Dz, and Dz is

the HETP and z is spatial coordinate.

Greek letters

a ¼ relative volatility
k ¼ latent heat (kJ/kmol)

/1, /2 ¼ the influence of the shapes of the two concentration
profiles in rectifying and stripping sections respectively

e1 ¼ z - S1
e2 ¼ z - S2

Subscripts

f ¼ feed stage
j ¼ stage number (counted from the top to the bottom,

namely, from 1 to n)
r ¼ the rectifying section
s ¼ the stripping section
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